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Abstract 

It was found by Hung, Myers and Smolkin that there is entropy discrepancy for the CFTs 
in 6-dimensional space-time, between the field theoretical and the holographic analysis. Recently, 
two different resolutions to this puzzle have been proposed. One of them suggests to utilize the 
anomaly-like entropy and the generalized Wald entropy to resolve the HMS puzzle, while the other 
one initiates to use the entanglement entropy which arises from total derivative terms in the Weyl 
anomaly to explain the HMS mismatch. We investigate these two proposals carefully in this note. 
By studying the CFTs dual to Einstein gravity, we find that the second proposal can not solve the 
HMS puzzle. Moreover, the Wald entropy formula is not well-defined on horizon with extrinsic 
curvatures, in the sense that, in general, it gives different results for eguivalent actions. 
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1 Introduction 

Hung, Myers and Smolkin (HMS) found that the field theoretical and holographic logarithmic terms of 
entanglement entropy do not match for fid CFTs [1]. For simplicity, we denote this entropy discrepancy 
as ’HMS puzzle’ or ’HMS mismatch’ in this note. Recently, two different approaches are proposed to 
resolve this entropy discrepancy. One of them suggests to utilize the anomaly-like entropy and the 
generalized Wald entropy derived from the Weyl anomaly to solve the HMS puzzle [2]. While the 
other one initiates to use the entropy which arises from total derivative terms in the Weyl anomaly 
to explain the HMS mismatch 011]. The question that which proposal is correct is an important 
problem. We clarify this issue in this note. 

It is worth to point out that the results in mm are crucially based on the regularization given in 
[5]. If the Lewkowycz-Maldacena regularization [6l[7] is applied instead, the entropy of covariant total 
derivatives vanishes[8]. This implies that the proposal of 0 |4] is unreliable. In this note, we give a 
solid proof that the approach in 00 actually fails in solving the HMS puzzle. 

It is counterintuitive that total derivative terms in the Weyl anomaly, arising from cohomologically 
trivial solutions to the Wess-Zumino consistency conditions, contribute to non-zero entropy. Given 
this fact, the logarithmic term of entanglement entropy of CFTs would depend on the approaches of 
regularization 00. However, entropy is physical and thus should be independent of the choices of 
regularization. The authors of 00 argued that this is not a problem for 4d CFTs, since no total 
derivative term appears in the holographic Weyl anomaly in 4d space-time 0. Nevertheless, total 
derivatives do appear in the holographic Weyl anomaly in fid space-time. The authors of 00 propose 
to utilize the entropy arising from these total derivative terms to explain the HMS mismatch. They 
did not take into account all the total derivative terms but only part of them to resolve the HMS 
mismatch 0. 
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In this note, we apply the method of 13 i] to investigate the logarithmic term of entanglement 
entropy for 6d CFTs dual to Einstein gravity. In contrast to [4], we examine all the total derivative 
terms in the holographic Weyl anomaly and find that the field theoretical result does not match the 
holographic analysis. Thus, the proposal of US] does not resolve the HMS puzzle [I]. This is the 
main new result of this note. 

We also find that the Wald entropy formula 


■S'waid = - 27 r / dx 
JT. 
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is not well-defined on the horizon with non-zero extrinsic curvatures. In general, it is inconsistent with 
the Bianchi identities. It turns out that only the total gravitational entropy, which consists of Wald 
entropy |16j , the anomaly-like entropy [3 El [13 and the generalized Wald entropy [3, is well-defined. 
Similar to the Weyl anomaly, the anomaly-like entropy arises from the would-be logarithmic terms in 
the gravitational action [7]. Notice that it only appears in the higher curvature gravity rather than 
Einstein gravity. In addition to Wald entropy m and the anomaly-like entropy [3E1II3 , a new 
component of entropy appears in general higher derivative gravity. It is named as ‘generalized Wald 
entropy’ in (3 because of its similarity to Wald entropy. In this note, we mainly focus on the total 
gravitational entropy and denote it as the total entropy below for simplicity. 

The note is organised as follows. In Sect. 2, we briefly review the HMS entropy discrepancy [1] 
and two possible resolutions [313 HI- In Sect. 3, the method in [311] is employed to calculate the 
logarithmic term of entanglement entropy for 6d CETs dual to Einstein gravity, while in Sect. 4 we 
apply the method of [3- It turns out that it is the proposal of [3 rather than the one of [30] that 
can resolve the HMS puzzle. Eurther evidences for this conclusion are provided in Sect.5. In sect.6, 
we show that, in general, Wald entropy gives different results for equivalent actions, while the total 
entropy is indeed well-defined. We conclude with some discussions in Sect. 7. 


2 The HMS entropy discrepancy 

In this section, we briefly review the HMS entropy discrepancy [T] . It was found by Hung, Myers and 
Smolkin that the logarithmic term of entanglement entropy derived from the field theoretical approach 
does not agree with the holographic result for 6d CFTs [Tj. For simplicity, they only focus on the case 
with zero extrinsic curvature. 

In the field theoretical approach, the logarithmic term of entanglement entropy can be derived 
by taking the Weyl anomaly as a gravitational action and then calculating the ‘entropy’ of this 
‘action’ BE]. It turns out that this ’entropy’ equals to the logarithmic term of entanglement entropy 
for CFTs [T1I3- In 6-dimensional space-time, the Weyl anomaly of CFTs takes the following form 

3 

{T\) = Y,BnIn+2AEe + Vj\ ( 2 ) 
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where Bi,A are central charges, Eq is the Euler density, ViJ® are total derivative terms and li are 
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conformal invariants given by 
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For the entangling surfaces with the rotational symmetry, only Wald entropy contributes to holo¬ 
graphic entanglement entropy. Thus, we have [T] 


where 


S = log(£/(5) J d^yVh 
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3 e., iki - gi^ + i C,,ki ) , (7) 
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Here Cijki are the Weyl tensors, I is the length scale of the entangling surface E and 6 is the short- 
distance cut-off that we use to regulate the calculations, hij and j/“ are the induced metric and 
coordinates on the entangling surface S, respectively, iij and are the two-dimensional volume 
form and metric in the space transverse to E, respectively. 

The logarithmic term of entanglement entropy can also be derived from the holographic entan¬ 
glement entropy. We call this method as the holographic approach. Taking Einstein gravity as an 
example, the logarithmic term of entanglement entropy is given by [1] 


5” = 47rlog(^/i5) J d^y'/h 
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where we have set the Newton’s constant G = the AdS radius L = 1. The definitions of q,-”* can 

1677 ^13 

be found in the Fefferman-Graham expansion, i.e., gij = -I--I- p^gfj -b... , for the asympotically 

Anti-de Sitter space 
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Note that a;* with {i = 1,2, ...,6) are the coordinates on the boundary of AdS and y“ with (o = 
1,2,..., 4) are the coordinates on the entangling surface E. 

The mismatch between holographic result, eq.®, and field theoretical result, eq.®, becomes 


= -47rH3 \og{e/5) ^ d^yVh ( C^n''^C'^^^^gii~9rk - 
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This is the HMS mismatch [T] . Note that the above equations are derived in the case of zero extrinsic 
curvatures. 
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It is proposed to use the anomaly-like entropy and the generalized Wald entropy to explain the 
HMS mismatch in [2]. When the extrinsic curvatures vanish, only ~ 

in /a contributes to non-zero anomaly-like entropy. Taking into account this contribution, the field 
theoretical and the holographic results match exactly. Note that the entropy of total derivative terms 
vanishes by applying the Lewkowycz-Maldacena regularization mm- However, the authors of mm 
claim that, in addition to —V the total derivative terms -t-J* 

also contribute to the logarithmic term of entanglement entropy. They find that the entropy from 
total derivative terms is non-zero by applying the regularization of [S] . And they suggest to utilize the 
entropy from total derivative terms to explain the HMS puzzle mm- Whether total derivative terms 
contribute to non-zero entropy or not is the main difference between mm and m - For simplicity, in this 
note we use the ’entropy from total derivative terms’ to denote the contribution to the entanglement 
entropy which arises from total derivative terms in the Weyl anomaly, i.e. from cohomologically trivial 
solutions to the Wess-Zumino consistency conditions. 
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The proposal of |j3 
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In this section, we employ the method of mm to calculate the entropy from the total derivative 
terms in the holographic Weyl anomaly carefully. It turns out that the field theoretical result does 
not match the holographic one. Consequently, the proposal of mm does not solve the HMS puzzle. 

In the field theoretical approach, as we have explained in sect. 2, the logarithmic term of entan¬ 
glement entropy can be derived from the Weyl anomaly mm- In the case of Einstein gravity, the 
holographic Weyl anomaly is given by mrnm- 

< T\ >= 27:^Ee - + Cs) + V. J* (12) 

where we have set the Newton’s constant G = and the AdS radius L = 1. C 5 = and 

the total derivative term is given by m 

= ^(15C3-18^4-3^6 + 20(77) (13) 

960 

with Ck defined as 

C 3 = (14) 

o 

C 4 = (15) 

o io 

Ce = (16) 

r-i _ V7 r Tykmniyj p ^ rymrikl i ^ p vy p ^ p 

^7 — Vi[K V k^nm + J^mnkiv U + -Ctim Vmtt — -ilmn V U J. 

4 o 4 

In the case of zero extrinsic curvatures, the entropy of Eq, Ii, I 2 reduces to Wald entropy. Therefore, 
the HMS mismatch can only arise from — C 5 ) and ViJb Interestingly enough, although [2] and 
[3] take different choices of regularizations, they both agree that the total entropy minus the Wald 
entropy of {I 3 — C 5 ) can explain the HMS mismatch. To resolve the HMS puzzle completely, one needs 
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to prove that the other total derivative terms J* ea. lfT^ do not contribute to the entropy. Since 
the Lewkowycz-Maldacena regularization [6] is used, the entropy of total derivative terms vanishes 
automatically in the approach of [2]. This is, however, not the case for the approach of mm- As we 
shall show below, the entropy of the total derivative terms eg. (1131) is non-zero in their approach [1]. 

Now let us focus on the regularization [3 mg. For simplicity, we apply the following regularized 
conical metric 


= /rt(r)dr^ -|- -|- {6ab + ‘2Habr‘^^ cos t sint)dy°'dy^, 


(18) 


2.72 2 

where /„ = and t ^ t + 2mr. Following the approaches of [3 S] ; obtain 

p27rn pro p p2-Kn p 

/ dr dr dy^^V.r = dr dy^^r\;Zo° 

Jo Jo J Jo J 


= / - l){trHf + 0{n - if 


(19) 

( 20 ) 
( 21 ) 


where we have replaced r by bx in the above derivations. Note that mm choose to drop the contri¬ 
bution at r = 0 (x = 0). Thus Ck are irrelevant to the final results. From ea. d^ . we can derive the 
entropy of the total derivative term (IT^ as 


'S'td = “I™ J drdrdy'^^ViJf = J dy'^frHf (22) 

which is non-zero. Here ‘TD’ means the total derivative terms. Note that ea. (l2^ holds in the 

Lorentzian signature, which differs from its Euclidean form by a minus sign. Now it is clear that 
the proposal of mm can not solve the HMS puzzle [I]. In other words, the field theoretical and the 
holographic results of the logarithmic term of entanglement entropy fail to match in the approach of 

[314]. However, it is not surprising. As we know, the total derivative terms in the Weyl anomaly 

come from cohomologically trivial solutions to the Wess-Zumino consistency conditions, accodingly, 
there is no reason that they could contribute to the entropy. 


4 The proposal of |j2] 

In this section, we prove that the entropy of the total derivative eq. dni) indeed vanishes in the approach 
of [3, therefore, the proposal of |3 solves the HMS puzzle [I]. We apply Lewkowycz-Maldacena 
regularization 1312] instead of the regularization (3 in this section. 

Let us focus on the following regularized conical metric 

ds^ = -- -{dr^ + r^dr'^) + (Sab + “^Habr^ cos t sin t)dy°‘dy^ (23) 

(^2 52)1-- 

with T ^ T + 2Tr. For the total derivative eq. (113, we firstly expand it in powers of H and then perform 
the r integral. It turns out that only the terms contribute to the entropy. The other terms are 
either in higher order 0{n — if or vanishing in the limit 6 —>■ 0. Focus on the terms, we have 
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+ (n - l) 2 [( 40 iri ?2 _ lO{trHf)x^^ +^P 2 kX^^] + 0(n - 1)^] 


/c=0 


where r = bx and q 2 k are given by 

go = 28trH^ - {trHf, ga = l2{mrH‘^ - 3{trH)^), 
qi = 2{78trH^ - 88{trHf), gg = 4:{mrH^ - 7{trHf), 
qs = 8{trHf 

P 2 k are irrelevant to the entropy. We find the following formulae are useful 0 
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r ^^dx 1 

lo (l + a;2)4+^ 60”^ 

/■°° x^^dx _ 60r (I - 2) _ 


= Y^ + 0(n-l) 
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(26) 
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(28) 

(29) 

(30) 

(31) 


From the above equations together with 6^ « = 1 + 0{n — 1), we can derive the entropy of the total 
derivative term (131) as 


^TB = lirn dn{ [ drdrdy^iJ^) = 0, 
n^l J 


(32) 


which indeed vanishes. Here ‘TD’ denotes the total derivative. Now it is clear that the proposal of [2] 
indeed resolve the HMS puzzle [1]. 


5 Double checks 

In this section, we provide further support that it is the proposal of [2] rather than the one of 014] 
that can resolve the HMS puzzle. We calculate the entropy for all the terms in the Weyl anomaly 
ea. dT^ by using the methods of 0 and 013], respectively. It turns out that only the method of 0 
can yield consistent result with the holographic one. This can be regarded as a double check of the 
results of sect. 3 and sect. 4. 

^In principle, one should firstly intrgrate x from 0 to (ro/b) and then subtract off the contributions from the singular 
cone with 6 = 0. The detailed approach can be found in [S]. In general, there are non-universal terms which depend on 
vq and the universal terms in the integral. Only the universal terms survive once we subtract off the contributions from 
the singular cone. Here we use a simpler method. We integrate x from 0 to oo for some suitable range of n, and then 
do the analytic continuation for n. It turns out that only the universal terms appear in the results. Thus the method 
here produces the same results as the one of [H]. 
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In the holographic approach, the universal term of entanglement entropy for 6d CFTs dual to 
Einstein gravity is given by [1] 


S'= 47rlog(£/(5) f d'^yVh 

Js 


2^ ^3 + 9 ijf - ^ 9 9 ki h'* 


(33) 


The above formula applies to the case with zero extrinsic curvatures. For the general case, please see 
m- For the conical metrics eas. (ll8l23l) with 6 = 0 and n = 1, the above equation becomes 


S = -^log(£/6) [ d'^yVh[ 8 trH^ - [trilf] 
40 7s 


(34) 


Let us rewrite the holographic Weyl anomaly ea. (l551) in the initial form of [TU] 


^ ^ ^+ R^^R^'R^k3l - ii?*'v,v,i? + (35) 


Note that the curvature in our notation is different from the one of m by a minus sign. 

Using the method of [3111 [5] together with the metric eq. (ITSl) , we derive the total entropy of eq. (1351) 
in the Lorentzian signature as 

S' = -J f d‘^yVh[trH\ (36) 

5 Je 

which does not match the holographic result ea. dMl) at all. While applying the approach of [KT] with 
the conical metric eq. (ED, we obtain the total entropy of eq. dSl) as 

S" = f d'^yVh[8trH‘^ - {trHf] (37) 

40 Js 

which exactly agrees with the holographic result ea. dMl) . Please refer to the Appendix for the deriva¬ 
tions of eas. (l36l37l) . Recall that the entropies of Eq,Ii,I 2 and {I 3 — C5) are the same in the ap¬ 
proaches of [2] and [111] when the extrinsic curvatures vanish. And the only difference of the entropy 
in these two approaches comes from the total derivative term Vi J*. Thus it is expected that we have 
“^TD ~ “^TD = ~ From eas. (l22l32l36l37l) . we find that this is indeed the case. This can be 

regarded as a check of our calculations. Now it is clear that it is the proposal of |2] rather than the 
one of nil! that can resolve the HMS puzzle. 


6 The arbitrariness of Wald entropy formula 

In this section, we show that the Wald entropy formula is not well-defined. In general, it is inconsistent 
with the Bianchi identities. However, this is not surprising. In addition to Wald entropy, the anomaly¬ 
like entropy nizllla] and the generalized Wald entropy |2] also contribute to the total entropy. It 
does not matter as long as the total entropy is well-defined. As we shall show below, this is indeed 
the case. Note that the arbitrariness of Wald entropy does not affect our discussions above, since we 
always focus on the total entropy in this note. It is found that there is arbitrariness in the Noether 
charge method on horizon with non-zero extrinsic curvatures [Hill]. And the Wald entropy formula 

f sl 

S'waid = —27r / dy^~'^'/h— - Sijiki (38) 

JE OKijkl 
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is just one of the several possible candidates for the entropy. The observation of this section is a 
little different. We notice that, in general, the Wald entropy formula ea. (l38l) gives different results for 
equivalent actions. It is necessary to point out this subtlety. 

Let us take an example to illustrate the arbitrariness of the Wald entropy formula eg. (155)) . We 
work in Euclidean signature in this section. Thus we have = 2, . From the 

Bianchi identities, we have 

(39) 

The Wald entropy of the left hand side of ea. (|55)) is given by 

27r [ dy^-^y/hOR (40) 

JT. 

While the Wald entropy of the right hand side of eq. ()39|) can be derived as 

27r [ dy^-'^Vhg^^^V.VjR = 2Tr [ dy^-^Vh[aR-D,D^R +k'^VaR] (41) 

7e Jh 

where are the intrinsic covariant derivatives and are the traces of the extrinsic 

curvatures. Clearly, eq. (go)) and eq. m are different for the case with non-zero extrinsic curvatures. 
This implies that, in general, the Wald entropy is not a well-defined physical quantity. It should be 
mentioned that Wald entropy works well for entangling surfaces E with the rotational symmetry. Thus 
nothing goes wrong in the initial work of Wald [16]. For entangling surfaces E with the rotational 
symmetry, Wald entropy becomes the total entropy and thus must be well-defined. 

The total entropy of left hand side and the right hand side of ea. (|55)) can be calculated by using 
the method of the appendix. Clearly, both sides give the same results. That is because ea. (l39t is 
an identity, therefore the left hand side and the right hand side of ea. (l39l) make no differences in the 
approach of the appendix. This implies only the total entropy is well-defined. On the contrary, there 
is arbitrariness in the derivations of the Wald entropy. The Wald entropy changes when one rewrite 
the action into an equivalent form by using the Bianchi identities. 

Let us consider another example. Let us rewrite the total derivative Cq eq. dUD into two equivalent 
expressions. The first one is 

Ce = - 2i?®^V(,Vfc)i?'=^ (42) 

and the second one is 

Ce = - R^,R\R\ (43) 

After some calculations, we derive the Wald entropy of C% and Cg as 

*5wald = 0, (44) 

^Waid = 2tt [ dy^-^Vh[UR - + g^^^R^^R^^ - R,jRki{g^^^g^^' - ~g^^'~g^’^^)] 

(45) 
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Remarkably, although the total derivatives Cq and Cq are equivalent, they give different Wald entropy 
[^. This clearly shows that Wald entropy is not a well-defined physical quantity. There is too much 
arbitrariness in its derivations. On the other hand, the total entropy is indeed well defined. One can 
check that the total entropy of Cq and Cq is both zero by using the approach of [2]. By applying the 
approach of Hi] instead, the total entropy of Cq and Cq is non-zero, but still the same. 

In conclusion, the Wald entropy makes no sence by itself. There is too much arbitrariness in 
its derivations. Instead, only the total entropy consisted of Wald entropy [16], the generalized Wald 
entropy |2] and the anomaly-like entropy laiTKis] is well-defined. 

7 Conclusion 

In this note, we have discussed two possible resolutions to the HMS entropy discrepancy P. By 
studying the CFT dual to Einstein gravity, we find that it is the proposal of [2] rather than the one 
of [Sill] that can resolve the HMS puzzle. This implies that the Lewkowycz-Maldacena regularization 
[6|E] instead of the regularization [aiiijis] yields the correct results for the entropy. It is a strong 
support for the work [5] that the covariant total derivative terms do not contribute to non-zero entropy. 
Finally, we show that the Wald entropy formula is not well-defined, since in general it gives different 
results for equivalent actions. It turns out that only the total entropy is well-defined. Notice that 
in stationary space-times Wald entropy becomes the total entropy and thus is well-defined, which 
suggests nothing goes wrong in the initial work of Wald m- 
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A Detailed calculations 

In this appendix, we derive eas. (l36l37ll with some details. 

By using the FPS regularization eq. (m, we can derive eq. ([36]) . Firstly, we expand the holographic 
Weyl anomaly ea. pSI) in powers of H and then do the r integral. Here we take n as an integer. 
Secondly, we do the analytic continuation for n and expand the results around n = 1. We keep terms 
up to the order 0{n — 1)^. Finally, we do the r integral and select the terms in order 0(n — 1). It 
turns out that only the terms contribute to the entropy. The other terms are either in higher 
order 0{n — I)^ or vanishing in the limit 6 —>■ 0. Focus on the terms, we have 

drdrdy'^y/g <T\> = dx dy'^—— -^ [(n - I) ^ 

J Jo J 20 [x^ + 1) 

^Ea. ll45|l is derived independently in a recent work |17| . However, they do not realize that there is arbitrariness in 
the derivations of Wald entropy. 
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(46) 


+ (n — C 2 kX^^ + 2{3(trH)‘^ — 10trH‘^)x^°] 

fc=0 
\31 


where r = bx and d 2 k are given by 


+0(n- 1)3] 


do = 4:trH^, d2 = Q{trHY + IGtrH^, 
d 4 = 9{{trH)^ + AtrH^), dg = AQtrH^, 
ds = —S{trH)^ + IGtril^ 


(47) 

(48) 

(49) 


Note that C 2 k are irrelevant to the final result, so we do not list them. The first line of ea. (l46l) 
contribute to the Wald-like entropy. The second line of ea. lHSl) are the would-be logarithmic terms. 
Naively, second line of eo. lHSl) is in order 0(n— 1)^. It seems to be irrelevant to the entropy. However, 
it becomes in order 0{n — 1) after the integral. The magic happens because the would-be logarithmic 
divergence gets a enhancement. 

In general, we have two kind of would-be logarithmic terms. One is at x —>■ 0 and the other one is 
at X —>■ oo. 




/o (l + x2)'= 


r°° x^'^+Hx 

lo (l-l-x^)® 


-7r(n — 3)(n — 2)(2n — 7)(2n — 5)(2n — 3) csc(27rn), 1 < 5ft(n) < 4 

60 


1 


4(n — 1) 


+ 0(n- 1)° 


1 


— —Trn(n + l)(2n — l)(2u -|- l)(2n -|- 3) csc(27ru), —2 < 5i(n) < 1 
60 


-1 


+ 0(n-l)° 


(50) 


(51) 


4(n — 1) 

It seems that the above two integrals could not be well-defined at the same time. Thus, the authors 
of [Ull] choose to drop the would-be logarithmic term at infinity ea. dCT) . However, as pointed out in 
[8], we actually do not need the condition n < 1 to derive eq.dSI]). Note also that the results after 
analytic continuation are both well defined for n < 1 and n > 1. So there is no reason to drop such 
term. However, since we are using the methods of lan], we adopt their choice in this paper. Note 
that the would-be logarithmic term at x —^ 0 vanishes in our case. In addition to eg. (15011 . we find the 
following formulas are useful 


I 


°° x4"-3dx 


0 (1+X2)'’ 

dx 


L 


x4"+5dx 1 

-6 = Y^ + 0(n-l) 


foo ^in-1. 


lo (l-|-x2) Jo (l-|-x2) 

|.oo I 

' -^ = 7b + 0(n-l) 


0 (l-|-x2) 

/■“ x4"+3dx 1 

I 7^^:^=- + 0(^-1) 


40 


Jo (l + x2)‘’ 60 

Using eas. (15011541) together with 54n-4 = i derive 

(n — l)7r 


drdrdy y/g < T\ > = 


dy'^itrH^] + 0{n - ly 


(52) 

(53) 

(54) 

(55) 
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Now we get the entropy ea. (l36l) in Lorentzian signature 


-S'aps = “ 1 ™ J drdrdy'^y^ < T\ >= J d‘^y^/h^[trH‘^]. 


( 56 ) 


Note that the entropy in Lorentzian signature differs from its Euclidean form by a minus sign. In the 
above derivations we have dropped the would-be logarithmic term at a; —>■ oo as [311]. Even if we 
recover this kind of term, the field theoretical result still does not match the holographic one. 

Now let us turn to derivation of ea. (l37p . The calculation is very similar to the above one. The 
only difference is that now we use Dong’s regularization for the conical metric ea. ([23|) . We obtain 


J drdrdy'^y/g < T\ >= * J dx j 

where r = bx and f 2 k are given by 


dy^ 


100 {x^ + 1 ) 


H4 


[{n-l)^f2kX^^ + 0{n-lf] (57) 


/c=0 


/o = bmtrHf - AtrH'^), /a = -SOtriL^ 

/4 = /g = -200trH‘^ 

fs = l5(trHf - SOtrii^ 


(58) 

(59) 

(60) 


The following formulas are useful 


xdx 


x^dx 


lo (l + ^2)4+^ Jo (1 + ^2)4+- 

f°° x^dx x'^dx 


Jo (1+^2) 

From eas. (l571l63) - we can derive 

[ drdrdy^y/g < T\ >=- 


lo (l+x2)^+" Jo (1 + ^2)^+" 
x^dx 1 

/ -=-=-l-O(n-l) 

4+^ 60 ^ ’ 


l + 0(„-l) 

(61) 

45 + 0(” - 0 

(62) 


(63) 


(n — 1)7 

4^ 


d'^y[UrH'^ - [trHf] + 0{n - if 


Now we obtain the entropy eq. dSTj) in the Lorentzian signature 

^mg = lim dn [ drdrdy'^^ < T\ >= [ d‘^yy/hf[8trH^ - {trHf], 

n-i-l J 40 J 2 


(64) 


(65) 


Note that Dong’s formula of entropy (the first equality of ea. (|55|l ^ |Z] differs from the one of EPS (the 
first equality of eq. 0) 0 by a minus sign. 
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